Introduction
Let   The objective is to present a new concise proof of the general evolution of the first eigenvalue as a function of t under the Ricci flow (1.1). The proof is based on the work of Cao [6] [7] and Abolarinwa [8] . A monotonicity formula without differentiability assumption on the eigenfunction can also be obtained. The differentiability of a p -eigenvalue is a consequence of the monotonicity for-mula. 
The fact that the Riemannian metric is parallel, 0 g , will be used frequently without further mention as well as integration by parts, which for example takes the form,
Also the following notations for the Ricci-harmonic map flow [1] will be used in the following form,
The Ricci Flow
All the geometric quantities associated with the manifold M evolve as the Riemannian metric on M evolves along the Ricci-harmonic map flow.
Lemma 1.
Let a one-parameter family of smooth metrics   gt solve the Ricci-harmonic map flow (1.1). Then the following evolutions hold: 
To obtain the results for the p -Laplacian, the following Lemma will be very important. 
Study of the Eigenvalue Problem
A nonlinear eigenvalue problem is introduced which involves the p -Laplacian (1.3) and is defined as with 0 u  and subject to the normalization condition d 1.
One of the main objectives is to derive a general evolution equation for the p -eigenvalues of the p -Laplacian. Out of this, it can be shown that ,1 p  is monotone on those metrics which evolve under the Ricci-harmonic map flow.
The continuity and differentiability of ,1 p  can be derived from its evolution by using Cao's approach. To study this, begin by multiplying (3.1) by the function u on both sides and then integrating over M using (3.2) to obtain
Integrating this by parts once, it follows that 
The function u will satisfy the following integrability condition d 0.
This can be developed by direct computation, 
Moreover, if it is the case that 11 0, , ,
is monotonically nondecreasing along the flow it is differentiable almost everywhere and 

, it is the case 
